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The flow becomes phase-locked to the actuation upto 15deg, but at higher alpha, it displays a more                
complicated limit cycle, at which subharmonic to the forcing frequency is excited. 
PINK stars represent the period-averaged lift over each actuation period. 
And they have the same value if the flow is phase-locked, as in the case of lower alpha.
Lift history over time on the RHS show the example of these subharmonic behaviors at alpha=50 
Each subharmonic limit cycle is consisted of several actuation periods associated with a particular 
phase shift between the forcing signal and the lift, and with different period-averaged values, as 
shown as variation of PINK stars on the LHS for high alpha. 
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In order to phase lock the flow at the desired shedding cycle, particularly at Phi,best,              
We designed a feedback compensator.
(Even though the open-loop forcing at Wf below Wn can lead to phase-locked limit cycles with a high 
average lift,)
This feedback controller resulted in the phase-locked limit cycles that the open-loop control could not 
achieve for alpha=30 and 40
Particularly for alpha=40, the feedback was able to stabilize the limit cycle that was not stable with 
any of the open-loop periodic forcing.
This results in stable phase-locked limit cycles for a larger range of forcing frequencies than the open-
loop control.
Also, it was shown that the feedback achieved the high-lift unsteady flow states that open-loop control 
could not sustain even after the states have been achieved for a long period of time.
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Optimization provides a periodic control waveform that achieves period limit cycle after 4~5 transient              
periods.
However, it’d be practically implementable only if we can reproduce the high lift limit cycles without 
the transient signal started from any phase of the baseline cycle.
While it is straight forward to extract a single period of the optimal waveform
If optimized waveform is applied in open loop to the baseline flow, the flow fails to lock to the forcing 
and the performance can be significantly degraded as shown in the figure.
This calls for designing a feedback algorithm
To achieve phase lock between the lift and the optimal waveform.
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We feedback lift again as an attempt to march along optimized Ujet accordingly.           
The goal is to shift and deform optimal Ujet with consistent phase difference between each 
harmonics.
However, this is a complex task since optimal Ujet consists of more harmonics than a pure sinusoidal.
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Recall from the previous implementation of feedback with sinusoidal waveform;          
feedback controller demodulated the lift signal, applied a low-pass filter, shifted the phase by a 
specific amount, and remodulated the signal in order to produce a sinusoidal output locked by a 
specified lag to the lift signal.
This can be used as a narrowband filter if no phase shift is added.
The output signal, y(t) is now a sinusoidal which retains the dominant frequency of CL , ωo and filters
out higher harmonics. 
Since we’re interested in marching optimal Ujet at the dominant frequency of CL , it is easier to track 
th f f (t) i t d f CLe requency o  y  ns ea  o   . 
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we use Extended Kalman Filter (EKF) to dynamically estimate frequency Wo, and the phase theta(t).             
Based on the phase estimate theta(t), we can then march along optimal Ujet as shown.
Where theta,desired is an additional (specific) phase shift relative to the lift signal. (theta,desired=0, in 
optimization case)
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Also when computing y(t), note that if demodulation frequency, ωi is not equal to the actual frequency                 
of the lift signal, ωo , then y(t) will not be in phase with CL (t),
But they will be in phase only when ωi = ωo . 
Thus, it is necessary to update ωi periodically with ˆ ωo , the frequency estimated by an EKF. 
Now, y(t) will be in phase with CL (t) with the same dominant frequency. 
Based on the estimated phase ˆ θ, we can then march along the optimized waveform as, 
To summarize :  
1. Narrowband filter is used on the lift cycle to obtain a sinusoidal signal. 
2. Filtered lift signal is used as input to frequency tracking Extended Kalman Filter (EKF) to estimate 
phase, ˆ θ(t) of the lift signal. 
3. EKF frequency estimate is used to tune the filter to avoid introducing phase lag.              
4. Finally, phase estimate ˆ θ(t) from EKF is used to march along φoptimal . 
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Now we can start from any phase of the baseline flow,           
and the feedback (in red) phase-locks the flow at the same phase shift, and achieves the same high-
lift limit cycle as the optimization.
The feedback controller now allows us to phase-lock an essentially arbitrary waveform at any desired 
phase shift, 
Thus we can utilize this fact to investigate which features of the optimized waveform are critical to 
high lift.
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